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1. INTRODUCTION
 Medina and Pinto 12, 13 extended the study of exponential stability to
a variety of reasonable systems called h-systems. They introduced the
notion of h-stability for difference systems. In the study of the stability
properties of difference systems, the notion of h-stability is very useful
because, when we study the asymptotic stability it is not easy to work with
non-exponential types of stability. Also, the variation of parameter formu-
lae for nonlinear summary difference equations, obtained by Agarwal 1,
16 , play a fundamental role in the study of nonlinear perturbations of
systems with certain stability properties.
 Medina and Pinto 913 applied the h-stability to obtain a uniform
treatment for the various stability notions in difference systems and gave
Žnew insights about stability for weakly stable difference systems at least,
for systems with stabilities weaker than those given by exponential stability
.and uniform Lipschitz stability .
For the study of the variational stability of nonlinear differential systems
 Hewer 7 introduced the notion of t -similarity in the set of all n n
Ž .   .continuous matrices A t defined on   0, . His approach included
most types of stability.
1 This research was supported by the Korea Research Foundation under Grant 1999-015-
DI0011.
553
0022-247X00 $35.00
Copyright  2000 by Academic Press
All rights of reproduction in any form reserved.
CHOI AND KOO554
In this paper we introduce the notion of n -similarity in the set of all
Ž . Ž . mm invertible matrices A n defined on  n  n , n  1, . . . , n 0 0 0 0
4k, . . . , where n is a nonnegative integer, as the corresponding notion of0
t -similarity for the discrete case, and investigate the variational stability
for nonlinear difference systems using the notion of n -similarity.
We consider the nonlinear difference system
x n 1  f n , x n , 1Ž . Ž . Ž .Ž .
Ž . m m mwhere f :  n   ,  is the m-dimensional real euclidean0
space. We assume that f   f x exists and is continuous and invertiblex
Ž . m Ž . Ž . Ž . Ž .on  n  , f n, 0  0. Let x n  x n, n , x be the solution of 10 0 0
Ž .with x n , n , x  x . Also, we consider its associated variational systems0 0 0 0
 n 1  f n , 0  n 2Ž . Ž . Ž . Ž .x
and
z n 1  f n , x n , n , x z n . 3Ž . Ž . Ž . Ž .Ž .x 0 0
Ž . Ž .The fundamental matrix solution  n, n , 0 of 2 is given by0
 x n , n , 0Ž .0
 n , n , 0 Ž .0  x0
Ž . Ž .and the fundamental matrix solution  n, n , x of 3 is given by, see0 0
 Lakshmikantham and Trigiante 8 ,
 x n , n , xŽ .0 0
 n , n , x  .Ž .0 0  x0
  mThe symbol  will be used to denote any convenient vector norm on  .
 We recall some definitions of stability in 13 .
Ž .DEFINITION 1. System 1 is called an h-system around the null solu-
tion, or more briefly an h-system, if there exist a positive function h:
Ž . n  and a constant c 1, such that0
    1x n , n , x 	 c x h n h n , n nŽ . Ž . Ž .0 0 0 0 0
  Ž 1Ž . Ž ..for x small enough here h n  1h n .0
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The function h as well as the constant c depends only on f. If h is a
bounded function, then an h-system permits the following types of stabil-
ity:
Ž .DEFINITION 2. The zero solution of system 1 , or more briefly system
Ž .1 , is said to be
Ž .hS h-stable if c 1,  exist as well as a positive bounded function
Ž .h:  n  such that0
    1x n , n , x 	 c x h n h n , n nŽ . Ž . Ž .0 0 0 0 0
 for x 	  ,0
Ž . Ž .GhS globally h-stable if system 1 is hS for every x 
D, where0
Dm is a region which includes the origin,
Ž . Ž .hSV h-stable in ariation if the zero solution of system 3 is hS,
Ž . Ž .GhSV globally h-stable in ariation if the zero solution of system 3
is GhS.
The various notions about h-stability given by Definition 2 include
several types of known stability properties as uniform stability, uniform
 Lipschitz stability, and exponential asymptotic stability. See 2, 3, 913 .
 The notion of t -similarity in matrices was introduced by Hewer 7 . He
studied several stability properties of the variational equations for differ-
ential equations. We introduce the notion of n -similarity which is the
corresponding one for the discrete case.
Ž .Let  denote the set of all mm invertible matrices A n defined on
Ž . n and  be the subset of  consisting of those nonsingular bounded0
Ž . 1Ž .matrices S n that S n is also bounded.
Ž . Ž .DEFINITION 3. A matrix A n 
 is n -similar to a matrix B n 

Ž . Ž .if there exists an mm matrix F n absolutely summable over  n ,0
i.e.,

 F l  Ž .Ý
ln0
such that
S n 1 B n  A n S n  A n F n 4Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž .for some S n 
.
Remark 1. The t -similarity is an equivalence relation but the n -simi- 
larity is not an equivalence relation in general.
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EXAMPLE. Let
en
n 0e 0A n  , B n  .'Ž . Ž . 2 2ž /0 1 	 00 1
If we put
2Ýn2el Ž l1.l0
0n3 lŽ l1.S n  ,Ž . 2Ý el0	 0
0 1
Ž . 1Ž .then S n and S n are bounded nonsingular matrices. Moreover
S n 1 B n  A n S nŽ . Ž . Ž . Ž .
n1 lŽ l1. en2Ý el0 00n2 lŽ l1. '2Ý e 2 2l0 	 0	 0 0 10 1
2Ýn2el Ž l1.l0n 0e 0 n3 lŽ l1. 2Ý el0ž /0 1 	 0
0 1
2Ýn1el Ž l1. en 2Ýn2el Ž l1.l0 l0 n e 0n2 lŽ l1. n3 lŽ l1. ž / ž /'2Ý e 2Ý e2 2l0 l0	 0
0 0
2Ýn1el Ž l1. 1 2Ýn2el Ž l1.l0 l0n  0e 0 n2 lŽ l1. n3 lŽ l1. ž / '2Ý e 2Ý e2 2l0 l0ž /0 1 	 0
0 1
 A n F n ,Ž . Ž .
where
2Ýn1el Ž l1. 1 2Ýn2el Ž l1.l0 l0 0n2 lŽ l1. n2 lŽ l1.F n  .ž / 'Ž . 2Ý e 2Ý e2 2l0 l0	 0
0 1
VARIATIONALLY STABLE DIFFERENCE SYSTEMS 557
Thus we have
n Žn1. Žn1.Ž n2.  e e
 F n 	 1  1Ž .Ý Ý n2 lŽ l1. n3 lŽ l1.ž / ž /2Ý e 2Ý el0 l0n0 n0
 
n Žn1. Žn1.Ž n2.	 e  e  .Ý Ý
n0 n0
Ž . Ž .This implies that A n and B n are n -similar.
2. MAIN RESULTS
 For the linear difference systems, Medina and Pinto 12 showed that
GhSVGhS hS hSV.
Also, the associated variational system inherits the property of hS from the
Ž .original nonlinear system; i.e., the zero solution   0 of 2 is hS when the
Ž .  zero solution x 0 of 1 is hS 12, Theorem 2 . Our purpose is to show
that
GhSVGhS, hS hSV
by using the concept of n -similarity. To do this, we need the following
lemmas.
 LEMMA 1 12, Lemma 2 . The linear difference system
y n  A n y n , y n  y , 5Ž . Ž . Ž . Ž . Ž .0 0
Ž .where A n is an mm matrix, is h-stable if and only if there exists a
Ž .constant c 1 and a positie bounded function h defined on  n such that0
for eery x 
m,0
  1 n , n , 0 	 ch n h n ,Ž . Ž . Ž .0 0
Ž .for n n , where  is the fundamental matrix solution of 5 .0
  Ž . Ž .LEMMA 2 8, Lemma 2.1 . Assume that x n, n , x and x n, n , y are0 0 0 0
Ž . Ž . Ž .the solutions of 1 through n , x and n , y , respectiely, which exist for0 0 0 0
n n and such that x and y belong to a conex subset D of m. Then for0 0 0
n n ,0
x n , n , x  x n , n , yŽ . Ž .0 0 0 0
1
  n , n , x  s y  x ds  y  x .Ž . Ž .Ž .H 0 0 0 0 0 0
0
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 Medina and Pinto showed that hSV implies hS 12, Theorem 3 . Also,
they proved the converse when the condition
 h lŽ .
 f l , n , x  f l , 0  , n  0Ž . Ž .Ý x 0 0 x 0h l 1Ž .ln0
   for x 	  , holds 12, Theorem 14 . In the following theorem, we can0
Ž .show that hS implies hSV by assuming that f n, 0 is n -similar tox 
Ž Ž ..f n, x n, n , x , instead of the above condition.x 0 0
Ž . Ž Ž ..THEOREM 3. Assume that f n, 0 is n -similar to f n, x n, n , x forx  x 0 0
 n n  0 and x 	  for some constant  0. Then the solution z 00 0
Ž . Ž .of 3 is hS proided the solution   0 of 2 is hS.
Ž .Proof. Since   0 of 2 is hS, there exist a constant c 1 and a
Ž . mpositive bounded function h defined on  n such that for every x 
 ,0 0
  1 n , n , 0 	 ch n h nŽ . Ž . Ž .0 0
Ž .for all n n  0, where  n, n , 0 is the fundamental matrix solution of0 0
Ž . Ž .2 in Lemma 1. Let  n, n , x denote the fundamental matrix solution0 0
Ž . Ž . Ž .of 3 . Since  n, n , 0 and  n, n , x are the fundamental matrix0 0 0
Ž . Ž .solutions of the variational systems 2 and 3 , respectively, they satisfy
 n 1, n , 0  f n , 0  n , n , 0Ž . Ž . Ž .0 x 0
and
 n 1, n , x  f n , x n  n , n , x .Ž . Ž . Ž .Ž .0 0 x 0 0
Now, we define
n1
1S n  n , n , 0 S n   l , n , 0 F l  l , n , xŽ . Ž . Ž . Ž . Ž . Ž .Ý0 0 0 0 0
ln0
1 n , n , xŽ .0 0
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for n n  0. Then, by iteration, we have0
S n 1 f n , x n  f n , 0 S nŽ . Ž . Ž . Ž .Ž .x x
n
1 n 1, n , 0 S n   l , n , 0 F l  l , n , xŽ . Ž . Ž . Ž . Ž .Ý0 0 0 0 0
ln0
1 n 1, n , x f n , x nŽ . Ž .Ž .0 0 x
 f n , 0  n , n , 0 S nŽ . Ž . Ž .x 0 0½
n1
1 1  l , n , 0 F l  l , n , x  n , n , xŽ . Ž . Ž . Ž .Ý 0 0 0 0 0 5
ln0
n1
1 f n , 0  n , n , 0 S n   l , n , 0 F l  l , n , xŽ . Ž . Ž . Ž . Ž . Ž .Ýx 0 0 0 0 0
ln0
1 1 n , n , 0 F n  n , n , x  n , n , xŽ . Ž . Ž . Ž .0 0 0 0 0
n1
1 f n , 0  n , n , 0 S n   l , n , 0 F lŽ . Ž . Ž . Ž . Ž .Ýx 0 0 0
ln0
1 l , n , x  n , n , xŽ . Ž .0 0 0 0
 f n , 0 F n .Ž . Ž .x
Ž . Ž .It follows that S n is a solution of 4 . We note that
 n , n , x  n , l , x l , n , x  l , n , xŽ . Ž . Ž .Ž .0 0 0 0 0 0
for all n n  0. Thus we have0
 n , n , xŽ .0 0
n1
1 S n  n , n , 0 S n   n , l , 0 F l  l , n , x .Ž . Ž . Ž . Ž . Ž . Ž .Ý0 0 0 0
ln0
CHOI AND KOO560
Ž . 1Ž .Then, from Lemma 1 and the boundedness of S n and S n , there are
positive constants c and c such that1 2
  n , n , xŽ .0 0
n1
1 1    	 c c h n h n  c c h n h l F l  l , n , x .Ž . Ž . Ž . Ž . Ž . Ž .Ý1 2 0 1 2 0 0
ln0
It follows that
1 n , n , x h nŽ . Ž .0 0
n1
1 1   	 c c h n  c c F l h l  l , n , x .Ž . Ž . Ž . Ž .Ý1 2 0 1 2 0 0
ln0
 By the Discrete Bellman’s inequality 1 we have
n1
1    n , n , x 	 dh n h n 1 F lŽ . Ž . Ž . Ž .Ž .Ł0 0 0
ln0
n1
1  	 dh n h n exp F lŽ . Ž . Ž .Ý0 ž /ln0

1  	 ch n h n , c d exp F l , d c c .Ž . Ž . Ž .Ý0 1 2ž /
ln0
Hence we have
  1 n , n , x 	 ch n h n , n n  0,Ž . Ž . Ž .0 0 0 0
for some positive constant c 1. This implies that the zero solution z 0
Ž .of system 3 is hS.
COROLLARY 4. Under the same conditions of Theorem 3, the zero solution
Ž .x 0 of 1 is hSV.
  Ž .In 4 , for the nonlinear differential system x f t, x , where f

Ž  n n.C   , , we proved one of Massera type converse theorems for hS
by using Liapunov functions. For the discrete analogue we obtain the
following theorem.
Ž .THEOREM 5. Suppose that the zero solution x 0 of 1 is GhS and
Ž . Ž Ž ..f n, 0 is n -similar to f n, x n, n , x . Then there exist a constant c 0x  x 0 0
Ž . Ž .  m  and a scalar function V n, x in  n  B , B  x
 x 	 a, 0 a0 a a
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4  such that
Ž .   Ž .  i x 	 V n, x 	 c x ,
Ž . Ž . Ž .  Ž . ii for any solution x n, n , x of 1 such that x n  a0 0
h nŽ .
V n , x n 	 V n , x n ,Ž . Ž .Ž . Ž .
h nŽ .
Ž .  Ž . Ž .    Ž .iii V n, x  V n, y 	 c x y for n
 n , x, y
 B , where0 a
Ž Ž .. Ž Ž .. Ž Ž ..V n, x n  V n 1, x n 1  V n, x n .
Ž .Proof. Since x 0 of 1 is GhS, there exist a positive constant c 1
Ž .and a positive bounded function h defined on  n such that0
    1x n , n , x 	 c x h n h n , n n  0.Ž . Ž . Ž .0 0 0 0 0
We define
  1V n , x  sup x n 	 , n , x h n 	 h n .Ž . Ž . Ž . Ž .
Ž .	
 n0
Then we have
  1   1  x 	 V n , x 	 sup ch n 	 h n x h n 	 h n 	 c x .Ž . Ž . Ž . Ž . Ž .
Ž .	
 n0
Ž . Ž .Thus the condition i is satisfied. Now, since the solution of 1 is unique,
we obtain
V n 1, x n 1Ž .Ž .
  sup x n 1 	 , n 1, x n 1, n , xŽ .Ž .0 0
Ž .	
 n0
 h1 n 1 	 h n 1Ž . Ž .
  1 sup x n 1 	 , n , x h n 1 	 h n 1Ž . Ž . Ž .0 0
Ž .	
 n0
  1 sup x n 	 , n , x h n 	 h n 1Ž . Ž . Ž .0 0
Ž .	
 n 10
  1	 sup x n 	 , n , x h n 	 h n 1Ž . Ž . Ž .0 0
Ž .	
 n0
  1 sup x n 	 , n , x n , n , x h n 	 h nŽ . Ž . Ž .Ž 0 0
Ž .	
 n0
 h1 n h n 1Ž . Ž .
 V n , x n h1 n h n 1 .Ž . Ž . Ž .Ž .
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Ž . Ž .Hence we easily see that for any solution x n of 1 the inequality
h nŽ .
V n , x n 	 V n , x nŽ . Ž .Ž . Ž .
h nŽ .
holds.
Ž .Finally, using the definition of V n, x and Lemma 2, we obtain
 V n , x  V n , yŽ . Ž .
  1	 sup x n 	 , n , x  y n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .
Ž .	
 n0
1
 sup  n 	 , n , y s x y ds  x yŽ . Ž .Ž .H
0Ž .	
 n0
 h1 n 	 h nŽ . Ž .
 	 c x y .
This completes the proof.
Ž .COROLLARY 6. Assume that for the system 1 , x 0 is hS and
Ž Ž .. Ž . Ž .f n, x n  A n x n . Then Theorem 5 also holds.
Ž Ž .. Ž . Ž .Proof. From the linearity of f n, x n  A n x n , it is obvious that
Ž . Ž . Ž .x n 	 , n, x  x n 	 , n, y  x n 	 , n, x y . Hence we have
V n , x  V n , yŽ . Ž .
  1	 sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .
Ž .	
 n0
  1 sup x n 	 , n , x y h n 	 h nŽ . Ž . Ž .
Ž .	
 n0
 V n , x yŽ .
 	 c x y .
This completes the proof.
Ž .  For the nonlinear differential system x f t, x , Martynuk 14 defined
the concept of exponential x -stability by splitting the vector x
 n into1
two subvectors x 
 ni, i 1, 2, n  n  n. If we apply his conditionsi 1 2
 in 14, Theorem 1 to the discrete case, then we obtain the following.
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Ž .THEOREM 7. Suppose that there exist a nonnegatie function V n, x in
Ž . Ž . Ž . n  B and a positie bounded function h n defined on  n satisfying0 a 0
the following properties:
Ž . i There exist a strictly increasing continuous function b on  with
Ž .b 0  0 and two positie constants N, 
 such that
 
  N x 	 V n , x 	 b x , n , x 
 n  B .Ž . Ž . Ž . Ž .0 a
Ž . Ž . Ž . Ž .  ii For the solution x n of 1 through n , x such that x  a we0 0 0
suppose that
h nŽ .
V n , x n 	 V n , x n .Ž . Ž .Ž . Ž .
h nŽ .
Ž .Then the zero solution x 0 of 1 is hS.
Ž . Ž . Ž .Proof. Let x n, n , x be any solution of 1 . From the condition ii ,0 0
we obtain
V n , x n , n , x 	 V n , x h n h1 n .Ž . Ž . Ž . Ž .Ž .0 0 0 0 0
Ž .Also, from the condition i we have
1
 1
 1
1
   x n , n , x 	N b x h n h n , n n  0.Ž . Ž . Ž .Ž .0 0 0 0 0
For every  0 we choose

1 
   b N  x  , c 1.Ž . 0 c
Then we have
1
 1
 1     x n , n , x 	 h n h n 	 c x H n H n , x 	  ,Ž . Ž . Ž . Ž . Ž .0 0 0 0 0 0
Ž . Ž .1
 Ž .where H n  h n is a positive bounded function defined on  n . It0
Ž .follows that x 0 of system 1 is hS.
Ž .COROLLARY 8. Suppose that h n is a positie bounded function defined
Ž . Ž .on  n . Furthermore, assume that there exists a scalar function V n, x0
satisfying the following properties:
Ž .   Ž .   Ž . Ž . mi x 	 V n, x 	 c x , n, x 
 n  .0
Ž . Ž . Ž .ii For any solution x n of 1
h nŽ .
V n , x n 	 V n , x n .Ž . Ž .Ž . Ž .
h nŽ .
Ž .Then the zero solution x 0 of 1 is GhS.
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Ž . Ž .Remark 2. If h n  0 in Corollary 8, then x 0 of system 1 is
uniformly Lipschitz stable; i.e., there exist M 0 and  0 such that
     x n , n , x 	M x whenever x 	  and n n  0.Ž .0 0 0 0 0
Now, we examine the property of hS for the perturbed system of system
Ž .1 using the comparison principle. To do this, we need the following
comparison principle.
Ž .LEMMA 9. Let  n, r be a nondecreasing function in r for any fixed
Ž .n
 n . Suppose that for n n ,0 0
n1 n1
 n   l ,  l  u n   l , u l .Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý
ln ln0 0
Ž . Ž . Ž . Ž .If  n  u n , then  n  u n for all n n .0 0 0
Proof. Suppose that the conclusion does not hold. Then there exists a
Ž .k
 n such that0
 k  u k ,  l  u l , n 	 l k .Ž . Ž . Ž . Ž . 0
Then we have
k1 k1
 k  u k   l ,  l   l , u lŽ . Ž . Ž . Ž .Ž . Ž .Ý Ý
ln ln0 0
	 u k ,Ž .
which is a contradiction. This completes the proof.
Ž .We consider the perturbed difference system of 1
y n 1  f n , y n  g n , y n , PŽ . Ž . Ž . Ž .Ž . Ž .
Ž . m mwhere g :  n   .0
THEOREM 10. Assume that
Ž . Ž . Ž .i x 0 of 1 is hSV with the nonincreasing function h n ,
Ž .  Ž .  Ž  . Ž .  ii g n, y 	  n, y where :  n   is strictly increas-0
Ž . Ž .ing in u for each fixed n
 n with  n, 0  0.0
Consider the scalar difference equation
u n 1  u n  c n , u n , u n  u , c 1. SŽ . Ž . Ž . Ž . Ž .Ž . 0 0
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Ž . Ž .If the zero solution u 0 of S is hS, then the zero solution y 0 of P
 is also hS wheneer u  c y .0 0
 Proof. Using the discrete analogue of Alekseev’s formula 8 , the solu-
Ž . Ž .tions of 1 and P with the same initial value are related by
y n , n , yŽ .0 0
n1
1
 x n , n , y   n , l 1,  y l , 	 d	  g l , y l ,Ž . Ž . Ž .Ž . Ž .Ž .Ý H0 0
0ln0
Ž Ž . . Ž Ž .. Ž Ž ..   Ž .where  y n , 	  f n, y n  	 g n, y n , 	
 0, 1 and  n, n , x is0 0
Ž .the fundamental matrix of 3 . Then we have
   y n , n , y 	 x n , n , yŽ . Ž .0 0 0 0
n1
1
     n , l 1,  y l , 	 d	 g l , y lŽ . Ž .Ž . Ž .Ž .Ý H
0ln0
n1
1 1   	 c y h n h n  c h n h l 1  l , y lŽ . Ž . Ž . Ž . Ž .Ž .Ý0 0
ln0
n1
   	 c y  c  l , y l ,Ž .Ž .Ý0
ln0
Ž .since h n is nonincreasing. Thus we obtain
n1 n1
     y n  c  l , y l 	 c y  u  u n  c  l , u l .Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý0 0
ln ln0 0
 Ž .  Ž .By Lemma 9, we have y n  u n for all n n  0. Also we have0
  1y n  u n 	 c u h n h n ,Ž . Ž . Ž . Ž .1 0 0
  1 c c y h n h nŽ . Ž .1 0 0
  1 d y h n h n , d c c 1,Ž . Ž .0 0 1
Ž .since u 0 of S is hS. This completes the proof.
Remark 3. If we consider the linear difference system
x n 1  f n , x n  A n x n LŽ . Ž . Ž . Ž . Ž .Ž
and its perturbation
y n 1  A n y n  g n , y n , NŽ . Ž . Ž . Ž . Ž .Ž .
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Ž . Ž .where A n is an mm matrix defined on  n , then the zero solution0
Ž . Ž .y 0 of N is hS when the zero solution x 0 of L is hS under the
same conditions in Theorem 10.
3. EXAMPLES
EXAMPLE 1. Examples of h-systems are those systems which are expo-
 nentially stable, Lipschitz stable, uniformly stable, etc. 10 .
EXAMPLE 2. To illustrate Theorem 3, we consider the nonlinear differ-
ence scalar equation
eŽn. x nŽ .
x n 1  f n , x n  , x 0  x , NŽ . Ž . Ž . Ž .Ž . 02'1 2 x nŽ .
Ž . Ž . Ž .where  n is a function defined on  n with 0 c n for some0
Ž . Ž .constant c. Any solution x n, 0, x of N through the initial point0
Ž .x 0, 0, x  x is given by0 0
exp Ýn1 l xŽ .Ž .l0 0
x n , 0, x  , n 1,Ž .0 2 n2 l1 2 x 1Ý exp 2Ý  jŽ .' Ž .0 l0 j0
2 Ž l Ž .. 1 Ž l Ž ..where Ý exp 2Ý  j 1 and Ý exp 2Ý  j  0.l0 j0 l0 j0
Ž .Then the zero solution x 0 of N is GhSV.
Ž .Proof. We can obtain the following two variational equations of N ,
 n 1  f n , 0  n  eŽn. n V.1Ž . Ž . Ž . Ž . Ž .x
and
z n 1  f n , x n , 0, x z nŽ . Ž . Ž .Ž .x 0
3
22 n2 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0Žn. e z n , V.2Ž . Ž .2 n1 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0
Ž . Žn. Ž 2 .32where f n, x  e  1 2 x . Then the fundamental matrix solu-x
Ž . Ž .tion  n, 0, 0 of V.1 is given by
n1
 n , 0, 0  exp  lŽ . Ž .Ýž /
l0
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Ž . Ž .and the fundamental matrix solution  n, 0, x of V.2 is given by0
 x n , 0, x exp Ýn1 lŽ . Ž .Ž .0 l0
 n , 0, x   .Ž . 30
2 x 2 n2 l0 1 2 x 1Ý exp 2Ý  jŽ .Ž .ž /0 l0 j0
Thus we have
  1 n , 0, 0 	 h n h 0 ,Ž . Ž . Ž .
Ž . Ž n1 Ž .. Ž .where h n  exp Ý  l . Hence   0 of V.1 is hS. Also, there existsl0
Ž . Ž .F n absolutely summable over  n , i.e.,0

 F n  Ž .Ý
n0
such that
S n 1 f n , x n , 0, x  S n f n , 0Ž . Ž . Ž . Ž .Ž .x 0 x
2 n2 l1 2 x 1Ý exp 2Ý  jŽ .' Ž .0 l0 j0
Žn. e
2 n1 l1 2 x 1Ý exp 2Ý  jŽ .' Ž .0 l0 j0
2 n2 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0Žn. e
2 n3 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0
 f n , 0 F n  eŽn.F n ,Ž . Ž . Ž .x
for some bounded invertible
2 n2 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0
S n Ž . 2 n3 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0
1Ž .where inverse S n is bounded, since
2 n2 l  1 2 x 1Ý exp 2Ý  jŽ .' Ž .0 l0 j0
 F n 	Ž .Ý Ý
2 n1 l1 2 x 1Ý exp 2Ý  jn0 n0 Ž .' Ž .0 l0 j0
2 n2 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0
2 n3 l1 2 x 1Ý exp 2Ý  jŽ .Ž .0 l0 j0
 n2 
2 2 2 cŽn1.	 2 x exp 2  l 	 2 x eŽ .Ý Ý Ý0 0ž /
n0 l0 n0
1
2 2 c  	 2 x e 1  , x  .0 02 cž /e  1
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Ž .Since all the conditions of Theorem 3 are satisfied, z 0 of V.2 is also
GhSV by Theorem 3. This completes the proof.
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